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Abstract This paper describes a numerical method for a
transient quantum drift-diffusion model arising in semicon-
ductor devices. The discretization method is presented with
emphasis on adaptive time discretization. An adaptive time
step algorithm is constructed by introducing the derivative of
the free energy of the system, which has an essential prop-
erty to understand the carrier behavior of the time-dependent
problems. The algorithm is verified with switching charac-
teristics of one-dimensional n+–n–n+ silicon diodes. It is
shown that the time step is adapted to the switching charac-
teristics. The new algorithm significantly reduces the total
number of time steps.

Keywords Quantum drift-diffusion model ·
Numerical scheme · Simulation · Partial differential
equation · Free energy · Semiconductors

1 Introduction

The carrier transport properties in scaled semiconductor de-
vices depend on the quantum mechanical effects even at
room temperature (i.e. at high temperature). For the mod-
eling of such semiconductor transport, the quantum drift-
diffusion (QDD) model, which is also called the density-
gradient model [1], has been introduced as a quantum cor-
rected version of the classical drift-diffusion model with
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O(�2) correction to the stress tensor [1, 2]. This model is
suited to incorporate quantum confinement and tunneling
effects in scaled semiconductor devices [3, 4]. The numer-
ical method for the QDD model is a major concern to un-
derstand such physical phenomena and to predict electri-
cal characteristics for scaled semiconductor devices. Several
studies have proposed numerical methods for the station-
ary QDD models, including positivity-preserving iterative
methods [5–7], high-accuracy nonlinear schemes [6, 8], and
a high-resolution method for quantum confinement simula-
tions [9]. Only some results on numerical methods for the
transient QDD model are available [10].

This paper describes a numerical method for a transient
quantum drift-diffusion model with emphasis on adaptive
time discretization. The adaptive time step algorithm is pro-
posed by introducing the derivative of the free energy of the
system. The outline of the paper is as follows: Sect. 2 de-
scribes a time-dependent quantum drift-diffusion model. In
Sect. 3, the derivative of the free energy for the QDD system
is introduced. Section 4 describes discretization and an iter-
ative solution method. Space discretization presented in [6]
is applied. In Sect. 5, we construct an algorithm of adaptive
time step control using the derivative of the free energy of
the system. In Sect. 6, the resulting algorithm is validated for
the switching characteristics of one-dimensional n+–n–n+
silicon diodes.

2 A time-dependent quantum drift-diffusion model

The QDD equation is derived from a Chapman-Enskog ex-
pansion of the Wigner-Boltzmann equation adding a col-
lision term [1, 2]. The QDD model is introduced as a
quantum-corrected version of the classical DD model with
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O(�2) corrections to the stress tensor [1]. Under the as-
sumption of Boltzmann statistics, the time-dependent QDD
model consists of the following system:

ε�ϕ = q(n − p − C), (1)

nt = − 1

q
div

(
qμnn∇

(
ϕ − kT

q
log

( n

ni

)
+ γn

))
− r, (2)

pt = 1

q
div

(
qμpp∇

(
ϕ + kT

q
log

( p

ni

)
− γp

))
− r, (3)

where ϕ is the electrostatic potential, n and p are the elec-
tron and hole densities. ε is the electric permittivity, q is the
electronic charge, k is the Boltzmann’s constant, T is the
temperature, C is the ionized impurity density, ni is the in-
trinsic density, and r is the recombination term. μn, μp are
mobilities of electrons and holes, which are related to the
diffusion coefficients by the Einstein’s relation as

Dn = kT

q
μn, Dp = kT

q
μp. (4)

The quantum potentials γn, γp are derived from the O(�2)

corrections to the stress tensor [1] and the expression for the
quantum potentials was written as

γn = 2bn

�
√

n√
n

, γp = 2bp

�
√

p√
p

. (5)

The coefficients for electrons and holes are further identified
by

bn = �
2

12qm∗
n

, bp = �
2

12qm∗
p

, (6)

where � is the Planck’s constant, m∗
n and m∗

p are effective
masses for the electrons and holes, respectively. It is pointed
out that the form of the quantum potentials is different by a
factor of 1/3 from the Bohm potential [11].

Assuming Boltzmann statistics, the generalized chemical
potentials (the generalized quasi-Fermi level) are introduced
as

ϕn = ϕ − kT

q
log

(
n

ni

)
+ γn, (7)

ϕp = ϕ + kT

q
log

(
p

ni

)
− γp. (8)

Then, the electron and hole densities are expressed as

n = ni exp

(
q(ϕ + γn − ϕn)

kT

)
, (9)

p = ni exp

(
q(ϕp + γp − ϕ)

kT

)
. (10)

Assuming that r = 0 in (3), the fourth-order QDD equa-
tion considering only electrons is split into two second order
equations [3, 12], by introducing the generalized chemical
potentials [13], as follows:

nt = divJn, (11)

Jn = −μnn∇ϕn = μn∇n − μnn∇(ϕ + γn), (12)

2bn∇2S − γnS = 0 (13)

where Jn is the current density. S is the root-density
√

n.
(7) is rewritten as (13) in terms of the variable S, which re-
quires the positivity of solutions S. Then (11) and (13) are
self-consistently coupled with the Poisson equation,

λ2�ϕ = n − C (14)

where λ is the Debye length. All of the potentials are scaled
by the Boltzmann voltage kT /q .

The choice of the unknown variables is an important
issue to solve the expanded equation system of the QDD
model. Using a new variable

u = ϕ + γn − ϕn

2
, (15)

the root-density is rewritten as

S = √
n = √

ni exp

(
ϕ + γn − ϕn

2

)
= √

nie
u. (16)

By employing an exponential transformation of variables
S = √

n, (13) is replaced by the equivalent form in terms
of the variable u, i.e.,

bn∇ · (S∇u) − Su = −S

2
(ϕ − ϕn). (17)

Exponential transformations were successfully used in the
study of a nonlinear fourth-order parabolic equation [14]
and stationary quantum hydrodynamic equations [15]. In the
QDD model the exponential transformation allows us to de-
rive (17) from (13) by using (15) [6]. If the variable u is
uniformly bounded, the electron density is maintained to be
positive. This leads to a numerical advantage for the iterative
solution method of the QDD model [6].

In this paper, we consider a one-dimensional time-
dependent QDD model for only electrons in the bounded
domain Ω = (0,L), L > 0.

λ2 d2ϕ

dx2
= n − C, (18)

bn

d

dx
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2
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)
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The system is completed by an initial condition

n(x,0) = n0 in (0,L), (21)

and the boundary conditions, assuming that no quantum ef-
fects occur at contacts and hence γn = 0 at contacts,

n(0, t) = n(L, t) = C, (22)

ϕ(0, t) = ϕb, (23)

ϕ(L, t) = ϕb + ϕappl, (24)

u(0, t) = u(L, t) = ϕb

2
, (25)

where ϕappl is an applied bias voltage. ϕb is the scaled built-
in voltage, ϕb = log C

ni
.

3 Free energy form

The free energy of the system has an essential property to
understand the asymptotic behavior of the solutions of the
time dependent problems. For this reason, the free energy
form for the classical drift-diffusion (DD) model was first
discussed by Mock [16], and by Gajewski and Gröger under
the zero applied bias assumption [17, 18]. The relative free
energy of the classical DD model for only electrons under
Boltzmann statistics is described as

Wcl = kT

∫ L

0

(
n

(
log

(
n

n∗

)
− 1

)
+ n∗

)
dx

+ ε

2

∫ L

0

∣∣∣∣ d

dx
(ϕ − ϕ∗)

∣∣∣∣
2

dx (26)

where n∗ and ϕ∗ are the stationary solutions of the elec-
tron density and electrostatic potential, respectively. By a
straightforward calculation, we obtain the following form as
the derivative of the relative free energy:

dWcl

dt
=

∫ L

0
Jn

d

dx
(ϕn − ϕ∗

n)dx (27)

where ϕ∗
n is the stationary generalized chemical potential.

Under the zero applied bias assumption, n∗ and ϕ∗ are the
thermal equilibrium solutions and hence ∇ϕ∗

n ≡ 0 in (0,L).
In this case, assuming that r = 0, there is the following esti-
mate:

dWcl

dt
=

∫ L

0
Jn

dϕn

dx
dx =

∫ L

0
−qμnn

∣∣∣∣dϕn

dx

∣∣∣∣
2

dx ≤ 0. (28)

This means that the relative free energy is a Lyapunov func-
tion. Fig. 1 shows a time-dependent behavior of electrons
calculated by the classical DD model under the zero applied
bias after supplementing an additional electron densities in
the channel. As shown in Fig. 2, it is also confirmed from

Fig. 1 Time-dependent behavior of electrons calculated by the clas-
sical DD model for an n+–n–n+ device with the channel length of
0.1 µm

Fig. 2 Relative free energy as a function of time for the classical DD
model

the simulation result that the relative free energy of the sys-
tem under the zero applied bias is monotonically decreased
in time. In a QDD model, a derivative of the relative free
energy of the system is introduced to simulate the asymp-
totic behavior of the numerical solutions to the stationary
state [19].

In order to understand the transient behavior of electrons
in the more general case, we introduce a non-positive func-
tion as a derivative of the free energy of the QDD system.
As discussed later, an adaptive time step control for time
discretization is designed by predicting the derivative of the
free energy of the system. By using the generalized chem-
ical potential, we can define the same form as that of the
classical DD model as follows:

H(t) =
∫ L

0
Jn

dϕn

dx
dx. (29)

In [20], under the Dirichlet boundary condition ϕ(0) =
ϕ(L) = 0 a free energy form for the QDD model is intro-
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duced as

Wqm(n) = �
2
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n
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2
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2

dx. (30)

In this case, a straightforward calculation for the derivative
of the free energy yields

dWqm

dt
=

∫ L

0
Jn

dϕn

dx
dx. (31)

As shown in [20], then, the thermal equilibrium solution is
obtained as the state of minimal free energy.

4 Discretization and iterative method

For time discretization we can discretize (20), employing
an implicit time discretization. Let T > 0 be given, and the
time interval [0, T ] is partitioned into N subintervals by
introducing the temporal mesh {tk : k = 0, . . . ,N}, where
0 = t0 < t1 < · · · < tN = T . Let τk = tk − tk−1 > 0 be the
time step. For k = 1, . . . ,N , we obtain the semidiscretiza-
tion of (18)–(20) in time

λ2 d2ϕk

dx2
= nk − C, (32)

bn

d

dx

(
Sk

duk

dx

)
− Skuk = −Sk

2
(ϕk − ϕnk), (33)

1

τk

(nk − nk−1) = ∂

∂x

(
μn

∂nk

∂x
− μnnk

∂

∂x
(ϕk + γnk

)

)
.

(34)

We develop an iterative solution method of the time-
dependent QDD model by constructing a Gummel map [21]
with a set of unknown variables ϕ, u, and n as follows:

(P1) Let ϕm
k ,nm

k are given, solve the nonlinear Poisson
equation with respect to the electrostatic potential
ϕm+1

k . m is the iteration counter. (32) is linearized us-
ing a Newton method because the potential ϕ has the
strong nonlinearity. Then the linearized equation be-
comes

λ2 d2

dx2
ϕm+1

k − nm
k ϕm+1

k = nm
k − C − nm

k ϕm
k . (35)

(P2) Let ϕm+1
k , ϕn

m
k , Sm

k are given. From the linearization
of (33), we obtain

bn

d

dx

(
Sm

k

d

dx
um+1

k

)
− Sm

k um+1
k

= −Sm
k

2
(ϕm+1

k − ϕn
m
k ). (36)

By solving (36) with respect to the variable u, we cal-
culate um+1

k and then setting the quantum potential

γn
m+1
k = 2um+1

k + ϕn
m
k − ϕm+1

k . (37)

(P3) Let nk−1, ϕ
m+1
k , γn

m+1
k are given, solve for the elec-

tron density nm+1
k . We obtain nm+1

k by solving the lin-
earized current continuity equation

1

τk

(nm+1
k − nk−1)

= ∂

∂x

(
μn

∂nm+1
k

∂x
− μnn

m+1
k

∂

∂x
(ϕm+1

k + γn
m+1
k )

)
.

(38)

We set the generalized chemical potential by

ϕn
m+1
k = ϕm+1

k + γn
m+1
k − lognm+1

k . (39)

Here, the boundary conditions for each subproblem are the
same as (22)–(25), respectively.

For space discretization, the computational domain is di-
vided into M cells centered at {xi}. The set of locations
xi−1/2 are the positions of the interfaces bounding the com-
putational cell. The cell sizes are given by hi = xi − xi−1,
i = 1, . . . ,M + 1. The standard scheme is applied to dis-
cretize the Poisson equation.

−λ2
(

ϕk,i+1 − ϕk,i

hi+1
− ϕk,i − ϕk,i−1

hi

)
+ nk,iϕk,i

hi + hi+1

2

= (−(nk,i − C) + nk,iϕk,i)
hi + hi+1

2
. (40)

Space discretization of (33) is performed following our pre-
vious work [6] to achieve a high-accuracy nonlinear scheme.
Assuming that the flux F = S du

dx
, we integrate (36) with re-

spect to x from xi−1/2 to xi+1/2. As a result we obtain the
relation
∫ xi+1/2

xi−1/2

bn

d

dx
Fdx −

∫ xi+1/2

xi−1/2

Sudx

= −1

2

∫ xi+1/2

xi−1/2

S(ϕ − ϕn)dx. (41)

The flux F is defined at interfaces and then we obtain a dis-
crete form

bn(Fk,i+1/2 − Fk,i−1/2) − uk,i

∫ xi+1/2

xi−1/2

Sdx

= −1

2
(ϕk,i − ϕnk,i)

∫ xi+1/2

xi−1/2

Sdx. (42)
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In order to find Fi+1/2 at interfaces, integrating the flux F

over the interval [xi, xi+1], an average flux Fk,i+1/2 yields

Fk,i+1/2 = uk,i+1 − uk,i∫ xi+1
xi

1
S
dx

. (43)

A similar expression is obtained for Fk,i−1/2. Substituting
in (42) the average fluxes, we obtain a class of conserv-
ative schemes, which was first proposed by Tikhonov and
Samarskii [22]. The accuracy of the numerical flux depends
on the explicit integration of

∫ xi+1
xi

dx
S

in (43) and hence the
explicit integration method for the function eu leads to a pro-
cedure that produces some nonlinear schemes.

The piecewise constant representation of the potential u

on the interval [xi, xi+1] leads to an average flux

Fk,i+1/2 =
√

ni

hi+1
exp

(
uk,i+1 + uk,i

2

)

× (uk,i+1 − uk,i). (44)

As shown in [6], this discrete form yields the numerical flux
derived by Ancona in [8]. In fact, if the unknown variable S

is used, it is easy to check that

Fk,i+1/2

= 1

hi+1

√
Sk,i+1

Sk,i

× B

(
ln

(
Sk,i+1

Sk,i

))
· (Sk,i+1 − Sk,i) (45)

= 1

hi+1

√
Sk,i+1
Sk,i

Sk,i+1
Sk,i

− 1
ln

(
Sk,i+1

Sk,i

)
· (Sk,i+1 − Sk,i). (46)

In order to construct a higher-accuracy nonlinear scheme, an
explicit integration of eu is obtained by the piecewise linear
approximation of u on the interval [xi, xi+1]. Then we have∫ xi+1

xi

e−udx = 1√
ni

hi+1e
−uk,i+1

B(uk,i+1 − uk,i)
(47)

where B(x) = x
ex−1 is the Bernoulli function. Substituting

(47) into (43) results in the numerical flux introduced by
Odanaka in [6]:

Fk,i+1/2 =
√

ni

hi+1
eui+1B(uk,i+1 − uk,i)(uk,i+1 − uk,i). (48)

A similar expression is obtained for Fk,i−1/2. An average
of S in each computational cell is obtained by integrat-
ing the piecewise-linear representation of u on the interval
[xi−1/2, xi+1/2]. Then we have


k,i =
∫ xi+1/2

xi−1/2

Sdx

= √
ni

(
hie

uk,i

2B(
uk,i−1−uk,i

2 )
+ hi+1e

uk,i

2B(
uk,i+1−uk,i

2 )

)
. (49)

Substituting (48) and (49) into (42) leads to a high-accuracy
nonlinear scheme introduced in [6].

√
nibn

(
1

hi+1
euk,i+1B(uk,i+1 − uk,i)(uk,i+1 − uk,i)

− 1

hi

euk,i B(uk,i − uk,i−1)(uk,i − uk,i−1)

)
− 
k,iuk,i

= −ϕk,i − ϕnk,i

2

k,i . (50)

This scheme results in a consistent generalization of the
Scharfetter-Gummel expression [23] to the Sturm-Liouville
type equation [6].

For space discretization of the current continuity equa-
tion, (34) is rewritten in terms of the Slotboom variables
η = ni exp(−ϕn) for the generalized chemical potential as

1

τk

(nk − nk−1) = div(μne
Φk∇ηk) (51)

where Φk = ϕk + γnk
. τk denotes the time step for k =

1, . . . ,N . The current density Jn = μne
Φ∇η is discretized

in terms of the electron density, then we obtain

Jni+1/2 = μni+1/2

ηk,i+1 − ηk,i∫ xi+1
xi

e−Φkdx
(52)

= μni+1/2

hi+1
(B(Φk,i+1 − Φk,i)nk,i+1 − B(Φk,i

− Φk,i+1)nk,i). (53)

As a result, the well-known Scharfetter-Gummel scheme
[23] to (34) is derived as

1

τk

(nk,i − nk−1,i )

= μni+1/2

hi+1
(B(Φk,i+1 − Φk,i)nk,i+1

− B(Φk,i − Φk,i+1)nk,i)

− μni−1/2

hi

(B(Φk,i − Φk,i−1)nk,i

− B(Φk,i−1 − Φk,i)nk,i−1). (54)

5 Adaptive time step control

An effective way for the time step control is to look at the
ratio of consecutive gradients of the free energy, i.e.,

θ = Wk+1 − Wk

Wk − Wk−1
=

∫ tk+1
tk

H(t)dt∫ tk
tk−1

H(t)dt
, (55)
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Fig. 3 A comparison of the derivatives of free energy after an abrupt
fall of input voltage. The result calculated by the adaptive time step is
compared with the “exact” solution obtained from the fine time step of
0.01 psec. (a) A waveform of the input voltage. (b) The derivatives of
free energy as a function of time

where Wk = ∫ tk
0 H(t)dt . If the value of θ is near 1 then the

system approaches the stationary state and hence the time
step size can be increased. If θ is far from 1, then the free
energy of the system is greatly changed in time and hence
the step size is kept to be constant. Using the value of θ , an
adaptive time step algorithm is constructed as follows:

τk+1 = α(θ)τk, (56)

α(θ) =
{

1.2 |θ − 1| < dmin,

1.0 dmin ≤ |θ − 1| ≤ dmax,
(57)

where dmin and dmax are parameters. In this work, dmin =
0.2, and dmax = 0.5. When dmax < |θ − 1|, the solution at
t = tk is re-calculated as

τk = τmin, if dmax < |θ − 1|, (58)

Fig. 4 A comparison of the derivatives of free energy after an abrupt
rise of input voltage. The result calculated by the adaptive time step
is compared with the “exact” solution. (a) A waveform of the input
voltage. (b) The derivatives of free energy as a function of time

where τmin is the minimum time step. In order to calculate
the value of θ in (55), H(t) is approximated by the second
degree Lagrange interpolating polynomial P(t). P(t) is ob-
tained as

P(t) = ak−2 + ak−1(t − tk−2)

+ ak(t − tk−2)(t − tk−1), (59)

ak−2 = P(tk−2) = Hk−2, (60)

ak−1 = H(tk−2, tk−1) = Hk−1 − Hk−2

tk−1 − tk−2
, (61)

ak = H(tk−2, tk−1, tk) = H(tk−1, tk) − H(tk−2, tk−1)

tk − tk−1

=
Hk−Hk−1
tk−tk−1

− Hk−1−Hk−2
tk−1−tk−2

tk − tk−2
. (62)

As τk+1 = τk , θ at t = tk+1 is predicted by integrating P(t)

in (55). Then α(θ) is estimated in (57) using the value of θ .
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Fig. 5 A comparison of the derivatives of free energy calculated by
the fine time step of 0.01 psec and large time step of 0.1 psec

Fig. 6 Electron density distributions after an abrupt rise of input volt-
age. The results calculated by the large constant time step and the adap-
tive time step control are compared with the “exact” solution

Using (56), the next time step τk+1 is corrected. In the work
the minimum time step is set up to be 0.01 psec.

6 Numerical results

The resulting algorithm was verified with the switching
characteristics of an n+–n–n+ silicon diode having 5 ×
1017 cm−3 and 2 × 1015 cm−3 at room temperature. The
channel length l is 0.1 µm. When the drain voltage is ap-
plied, the n+–n–n+ diode is on. In the discussion of switch-
ing characteristics, therefore, the input waveform is when
the drain voltage makes an abrupt transition from high to
low or vice versa.

Figure 3 shows the derivatives of the free energy of the
system as a function of time. In this case, the drain voltage
makes an abrupt transition from 1.0 V to 0.0 V, shown in
Fig. 3(a). The adaptive time step algorithm represents the

Fig. 7 A comparison of the derivatives of free energy calculated by
the adaptive time step algorithms with and without the re-calculation
procedure of time step

Fig. 8 Electron density distributions after an abrupt rise of input volt-
age. The results calculated by the adaptive time step algorithms with
and without the re-calculation procedure of time step are compared
with the “exact” solution

“exact” solution obtained from the fine constant time step
of 0.01 psec, as shown in Fig. 3(b). Figure 4 compares the
derivatives of free energy between the fine time step control
and the new algorithm. The waveform of the input voltage
from 0.0 V to 1.0 V is shown in Fig. 4(a). The result also
confirms in Fig. 4(b) that the new algorithm represents the
exact solution calculated by the fine time step after an abrupt
rise of input voltage.

The result for the large constant time step control is
shown in Fig. 5. The large constant time step of 0.1 psec,
however, can not accurately calculate the derivative of free
energy during the step transition. As shown in Fig. 6, this
causes the large discrepancy of electron density distributions
after the abrupt rise of input voltage. It is found that the pro-
posed algorithm gives a good approximation to the electron
density distribution.
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Fig. 9 Evolution of time step for switching characteristics of an n+–n–n+ device with l = 0.2 µm. (a) Input waveform. (b) The derivative of free
energy as a function of time. (c) The value of θ as a function of time. (d) Evolution of adaptive time step

When the drain voltage is kept to be 0 V before the tran-
sition, the n+–n–n+ diode approaches the thermal equilib-
rium and hence the time step increases. After the drain volt-
age Vd switches from 0 V to 1.0 V, the fine time step is
needed, since the system behavior is greatly changed. If the
re-calculation procedure of time step (58) is implemented
into the adaptive time step algorithm, the timestep is adapted
before the step transition. Figure 7 compares the derivatives
of free energy calculated by two algorithms with and without
the re-calculation procedure of time step. Before the abrupt
rise of input voltage the fine time step is generated accord-
ing the re-calculation procedure of time step and hence the
time step is adapted to the abrupt transition. As a result, as
shown in Fig. 8, there is a significant difference of electron
density distributions between two algorithms.

Figure 9 shows the evolutions of time step for the
full switching characteristics of an n+–n–n+ device with
l = 0.2 µm, with respect to the input waveform shown in
Fig. 9(a). In Fig. 9(b), the derivatives of free energy as a

function of time are compared with the “exact” solution. The
time step is controlled by the value of θ shown in Fig. 9(c)
predicting the derivatives of free energy of the system. The
evolution of time step is shown in Fig. 9(d). The result in-
dicates that the time step is adapted to the switching char-
acteristics. The total number of time steps is significantly
decreased with the new algorithm.

7 Conclusion

A numerical method for a transient QDD model has been
proposed with emphasis on adaptive time discretization. The
adaptive time step algorithm for the transient QDD model is
constructed by predicting the derivative of the free energy
of the system, which is the same form as that of the classi-
cal DD model by using the generalized chemical potential.
It was shown that the time step is adapted to the switching
characteristics of n+–n–n+ diodes. The new algorithm sig-
nificantly reduces the total number of time step.
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